We consider the critical behaviors and phase transitions of Gauss Bonnet-Born Infeld-AdS black holes (GB-BI-AdS) for d = 5, 6 and the extended phase space. We assume the cosmological constant, Λ, the coupling coefficient α, and the BI parameter β to be thermodynamic pressures of the system. Having made these assumptions, the critical behaviors are then studied in the two canonical and grand canonical ensembles. We find "reentrant and triple point phase transitions" (RPT-TP) and "multiple reentrant phase transitions" (multiple RPT) with increasing pressure of the system for specific values of the coupling coefficient α in the canonical ensemble. Also, we observe a reentrant phase transition (RPT) of GB-BI-AdS black holes in the grand canonical ensemble and for d = 6. These calculations are then expanded to the critical behavior of Born-Infeld-AdS (BI-AdS) black holes in the third order of Lovelock gravity and in the grand canonical ensemble to find a Van der Waals behavior for d = 7 and a reentrant phase transition for d = 8 for specific values of potential φ in the grand canonical ensemble. Furthermore, we obtain a similar behavior for the limit of β → ∞, i.e charged-AdS black holes in the third order of the Lovelock gravity. Thus, it is shown that the critical behaviors of these black holes are independent of the parameter β in the grand canonical ensemble .
I. INTRODUCTION
Black holes are indeed known as the thermodynamic objects that can be described by a physical temperature and an entropy [1] [2] [3] . Black hole thermodynamics continues to be one of the most important subjects in gravitational physics. The first attempts to explain the instabilities of anti-de Sitter (AdS) black holes are due to Hawking and Page in 1983 [4] . They explored the existence of a specific phase transition in the phase space of the Schwarzschild AdS black hole. Thermodynamics of black holes in the AdS space has attracted a lot of attention for many years due to the AdS/CFT correspondence [5] [6] [7] . It has been shown that the properties and critical behaviors of black holes in the AdS space are different from those of the black holes in an asymptotically flat spacetime . The critical behaviors of the black holes in the AdS space have been studied in [35] [36] [37] [38] [39] [40] [41] [42] [43] by including the cosmological constant as a thermodynamic pressure in the first law of black hole thermodynamics. In this approach, the black hole mass M is replaced by enthalpy rather than by internal energy. Recent studies have shown the analogy between charged black holes in an AdS space and the Van der Waals fluid in an extended phase space [35, 36, 45] . Also, the phase diagrams of rotating black holes with single and multiple spinnings are similar to those of reentrant phase transition and triple point phenomena, respectively [46] [47] [48] [49] [50] [51] [52] . The low energy effective action of the string theory contains both Einstein Hilbert and higher order of curvature terms. In this condition, the Gauss-Bonnet and third order Lovelock theory are the most important higher order terms in the theory of gravity. The black hole solutions and their thermodynamic quantities of the third order Lovelock theory have been investigated in [53] . Recently, the static black hole solutions of Gauss Bonnet-Born Infeld gravity and the third order of Lovelock-Born-Infeld gravity in the AdS space were investigated in [53, 54] . There have also been efforts to explore the critical behavior and phase transitions of black holes in higher order gravities. The critical behavior of charged AdS-GaussBonnet black holes for d = 6 demonstrated the possibility of triple point phenomena in the canonical ensemble [55] . Also, the critical behavior of higher order gravities including the Gauss-Bonnet and the third order Lovelock gravity have been investigated in [56] [57] [58] [59] [60] [61] . This paper investigates the critical behaviors and phase transitions of GB-BI-AdS black holes in the canonical ensemble for d = 5, 6. We enlarge the phase space by considering the BI parameter and the coupling coefficient as thermodynamic pressures. We observe a new critical behavior dependent on the coupling coefficient α in the canonical ensemble. It is found that for 0 ≤ α < 13, the system behaves similar to the standard liquid/gas of the Van der Waals fluid. For 13 ≤ α < 16 and 18 ≤ α < 40, the black hole admits a reentrant large/small/large black hole phase transition. For 16 ≤ α < 18, a reentrant phase transition occurs for a special range of pressures while we also observe a triple point phenomenon as the pressure increases. For α > 40, there is no phase transition. We study the critical pressures with respect to the coupling coefficient α for these black holes. The Van der Waals behavior is investigated in the BIAdS black holes for d = 5, 6 in the canonical ensemble. Moreover, the critical behavior of both BI-AdS and charged-AdS black holes is investigated in the third order of Lovelock gravity in the grand canonical ensemble. We find the Van der Waals behavior for d = 7 and a RPT for d = 8 for the special values of potential φ in the grand canonical ensemble. Thus, the critical behaviors of these black holes are independent of the coupling coefficient β in the grand canonical ensemble. The outline of this paper is as follows: In Sec. II, the critical behavior and phase transitions of GB-BI-AdS black holes are examined in the canonical and grand canonical ensembles for d = 5, 6. Also, we study the BI-AdS black holes for d = 5, 6 and in the canonical ensemble. In Sec. III, the critical behavior and phase transitions of BI-AdS and charged-AdS black holes in the third order of the Lovelock gravity are investigated for d = 7, 8 in the grand canonical ensemble.
II. GAUSS-BONNET-BORN-INFELD-ADS BLACK HOLES
The action of the Einstein Gauss-Bonnet gravity in the presence of a nonlinear Born-Infeld electromagnetic field with a negative cosmological constant reads as follows [54] :
where,α is the Gauss-Bonnet coefficient and Λ = −
is a negative cosmological constant. The Gauss-Bonnet Lagrangian and L F are given by
where, the constant β is the BI parameter and the Maxwell field strength is defined by F µν = ∂ µ A ν − ∂ ν A µ with A µ as the vector potential. Let us consider the following metric:
where, h ij is a (n − 1)-dimensional hypersurface. The metric coefficient f (r) for static GB-BI-AdS black holes is given by
where, g(r) is
where,
and m is an integration constant which is related to mass
where, n−1 exhibits the volume of the constant curvature hypersurface described by h ij dx i dx j and r + is the horizon radius of the black hole determined by the largest real root of f (r + ) = 0. In the following calculations, we consider n−1 = 1 and the specific case k = 1 for simplicity. The thermodynamic quantities of these black holes are:
where, n = d − 1 and we set P = −
. The first law of thermodynamics and The Smarr relation for GB-BI black holes take the following form:
where, H = M is the enthalpy of the gravitational system [35, 36, 44] . The parameters V , A, and B are the thermodynamic quantities conjugating to pressure P , Gauss Bonnet coupling coefficient α, and Born-Infeld parameter β, respectively. These parameters are determined from either the first law of thermodynamics or the Smarr relation:
Here, v is the effective specific volume.
In the following section, we will investigate the critical behaviors and phase transitions of the GB-BI-AdS black hole in the canonical and grand canonical ensembles.
A. Critical behavior in the canonical ensemble
The phase transitions and critical exponents of the BIAdS black holes for d = 4 were calculated in the canonical and grand canonical ensembles [12, 47] . Also, the stability analysis of five dimensional GB-BI black holes in the AdS space were studied in [54] . Now, let us investigate the critical behavior of GB-BIAdS black holes in the canonical ensemble and the extended phase space for d = 5, 6. In the canonical ensemble, we adopt fixed values for β, Q, and α and consider the P − v extended phase space. Also, we expand our calculations for GB-BI-AdS black holes in the grand canonical ensemble when β, ϕ, and α are thermodynamic variables. Using Eq. (9), we obtain the following equation of state for the black hole system in the canonical ensemble:
Thus, the critical points can be determined by using the following conditions
Also, in the canonical ensemble, the Gibbs free energy from Eqs. (8) , (9) , and (10) for fixed values of β, Q, and The dashed (red) and solid (blue) lines correspond to the negative and positive CP s, respectively. At P < Pc, the black hole experiences a first order phase transition. There is no phase transition at P > Pc.
α for d = 6 is given by 
The critical behavior of the Gibbs free energy with respect to temperature depends on the values of the coupling coefficients β and α in the canonical ensemble.
In what follows, we discuss in detail some interesting features of the critical behavior of GB-BI-AdS black holes depending on the coupling coefficient α.
Van der Waals behaviour
For 0 ≤ α < 13, the critical behavior of the Gibbs free energy with respect to temperature is depicted in Fig. 1 for fixed values of β, Q, α and d = 6.
In this case, we observe one critical point at P = P c and the swallowtail behavior, i.e, a first order phase transition between small and large black holes, for P < P c . Thus, a "standard liquid/gas" Van der Waals phase transition occurs in this limit. The corresponding P − v diagram is displayed in Fig. 2 . Also, we consider the limit of α = 0, i.e the BornInfeld-AdS black holes. In this condition, a Van der Waals behavior for d = 5, 6 and Q = 1 and all the values of β is investigated which is similar to that in Fig. 1 . Furthermore, repeating our calculations for GB-BI-AdS for d = 5, we will see a Van der Waals behavior for Q = 1 and all the ranges of β and α.
Reentrant-Triple points phase transitions
For 16 ≤ α < 18, we have four critical points with the negative pressures of P c1 , P c2 , P c3 and P c4 . For α = 16.5, we have one critical point with a negative pressure at P c1 = −0.061 and three critical points with the positive pressures of P c2 = 0.00115, P c3 = 0.001197, and P c4 = 0.00123. However, only three of the critical points with the negative pressure of P = P c1 < 0 and positive pressures of P = P c3 and P = P c4 are the physical critical points. The second critical point at P = P c2 does not have the minimum Gibss free energy; It is, therefore an unphysical critical point. The resulting Gibbs free energy with respect to temperature for fixed values of β, Q, and α and for d = 6 is illustrated in Fig. 3 . At P = P c1 with a negative pressure, we have a second order phase transition in which C p goes to infinity (Fig.  3a) . For P c1 < P ≤ 0, we observe two second order phase transitions while C p is divergent in the stable branch of black holes (C p > 0) in Fig. 3b . By increasing pressure, only one phase of large stable black holes exist for 0 < P ≤ P r (Fig. 3c ). There are special pressure ranges, P r = 0.00037 ≤ P < P z = 0.000415, in which the RPT appears ( Fig. 3. d, e). In this range of pressures, the global minimum of Gibss free energy is discontinuous and we have two separate phases of large and small size black holes. These phases are connected by a jump in G, or a zeroth-order phase transition. This critical behavior admits a reentrant large/small/large black hole phase transition. At P t = 0.001181, we have two first order phase transitions with equal values of pressure and temperature similar to those of the triple point in the solid/liquid/gas phase transition (see Fig. 3f ). In Fig. 3g , we observe two swallowtails in the stable branch of black holes that minimize G for P c2 < P t ≤ P < P c3 . One of these swallowtails starts from P c1 and terminates at P = P c3 . Another swallowtail exists between P c2 ≤ P ≤ P c4 . Since the critical point at P = P c2 does not minimize G globally, the black holes experience only the critical point at P = P c4 . Furthermore, in Fig. 3h , we have a critical behavior analogous to Van der Waals system for P c3 ≤ P < P c4 , i.e, a first order phase transition between small and large black holes for P < P c4 and one critical point at P = P c4 . Also, the system displays no phase transitions for P > P c4 (Fig.  3i) . In this specific range of α, we observe both reentrant and triple point phenomena in the system for the fixed values of β, α, Q at different pressures.
3.
Reentrant phase transitions
For 18 ≤ α < 25, the Gibss free energy admits one critical point with a negative pressure of P c1 and three critical points with positive pressures of P c2 , P c3 and P c4 . For α = 20, we have one critical point with a negative pressure of P c1 = −0.032 and three critical points with the positive pressures of P c2 = 0.000981, P c3 = 0.0009897 and P c4 = 0.00197, two of which (P = P c1 and P = P c4 ) minimize G. Also, we observe a large/small/large reentrant phase transition in the specific range of P r = 0.0006 < P < P z = 0.00064. At P = P c1 < 0 we have the thermodynamically unstable branch with a negative C P (Fig. 4a) . For P c1 < P ≤ 0, two second order phase transitions which globally minimize the Gibbs free energy at T 1 and T 0 occur at the stable branch. In this range, the phases LBH/IBH/SBH are connected by two zero-order phase transitions at T 1 and T 0 (Fig. 4b ). For 0 < P < P r , we find a new branch of large thermodynamically stable black holes. Thus, only one phase of the large black holes exists. At P = P r , the swallowtail in the unstable branch touches the lower stable branch. We observe the reentrant large/small/large black hole phase transition for P r < P < P z in Fig. 4c . Increasing pressure, we observe two swallowtails. One of them starts from P = P c2 and terminates at P = P c3 . These critical points do not globally minimize the Gibbs free energy ( Fig. 4d) . In this situation, the system only sees the swallowtail that occurs at P = (P c1 , P c4 ). In this situation, the first order phase transition appears at the negative value of pressures P > P c1 and terminates at P < P c4 , (Fig. 4 e, f) . Above the critical point P = P c4 , the system displays no phase transitions. of GB-BI-AdS black holes. Here, the Gibbs free energy is displayed with respect to temperature for various values of pressures P = {−0.061, 0, 0.0003, 0.00037, 0.0004, 0.001181, 0.001188, 0.00122, 0.0013} (from top to bottom). We consider Solid (blue)/dashed (red) lines corresponding to positive and negative CP , respectively. Picture a) shows the thermodynamically unstable branch of Pc1 = −0.061 with a negative CP . In picture b), for −0.061 < P ≤ 0, we have two second order phase transitions at T1 = 0.0183 and T0 = 0.027, which globally minimize the Gibbs free energy. In this case, the minimum value of Gibss free energy is discontinuous and we have three separate phases of large, intermediate, and small size black holes. These phases LBH/IBH/SBH are connected by a jump in the Gibbs free energy G, or two zero-order phase transitions at T1 and T0, respectively. In Picture c), for 0 < P ≤ Pr = 0.00037, we find a new branch of large thermodynamically stable black holes, at which two zero-order phase transitions at T1 and T0 do not minimize the Gibbs free energy. Thus, only one phase of the large black holes exists. In Picture d), at P = Pr = 0.00037, the swallowtail in the unstable branch touches the lower stable branch, and the reentrant phase transition appears. In Picture e), for Pr < P < Pz = 0.000415, the global minimum of Gibss free energy is discontinuous. In this range of pressure, we have two phases of intermediate and small sizes black holes. These phases are connected by a jump in G, or a zero-order phase transition. This critical behavior admits a reentrant large/small/large black hole phase transition. At P = Pz = 0.000415, the RPT disappears but the first order phase transition is still present. Increasing pressure, in Picture f), at the triple point (TP), P = Pt = 0.001181, we observe two swallowtails in the stable phase of black holes. In Picture g, h), one of these swallowtails starts from P = Pc1 = −0.061 and terminates at P = Pc3 = 0.001197 and the other occurs at P = Pc2 = 0.00115 and disappears at P = Pc4 = 0.00123 although the critical point P = Pc2, does not minimize G and it is an unphysical critical point. In Picture i), above the critical point P = Pc4 the system displays no phase transitions. Reentrant phase transition for d = 6, Q = 1, β = 1 and α = 20 of the GB-BI-AdS black holes. Here, the Gibbs free energy is displayed with respect to temperature for various values of pressures P = {−0.032, 0, 0.00064, 0.000986, 0.0009897, 0.00197} (from top to bottom). We observe that the Solid (blue)/dashed (red) lines correspond to positive/negative CP respectively. At Pc1 = −0.032 < 0, we have the thermodynamically unstable branch with a negative CP . When pressure is increased, for P = 0, two second order phase transitions apear which globally minimize the Gibbs free energy at T1 = 0.0218 and T0 = 0.0253. In this situation, three phases LBH/IBH/SBH are connected by two zero-order phase transitions at T1 and T0, respectively. Similar to Fig. 3 , at Pr = 0.0006, the swallowtail in the unstable branch touches the lower stable branch, and we observe the reentrant large/small/intermediate black hole phase transition for Pr < P < Pz. At Pz = 0.00064, the reentrant phase transition disappearing but the first order phase transition being still present. Increasing pressure, we observe two swallowtails. One which does not globally minimize the Gibbs free energy starts from Pc2 = 0.000981 and terminates at Pc3 = 0.0009897. Another that occurs at P = Pc1 and disappears at Pc4 = 0.00197 minimize the Gibbs free energy. We, therefore, have only two critical points. Above the critical point P = Pc4, the system displays no phase transitions. 2, we have the thermodynamically unstable branch. For 0 < P < Pr = 0.00005, we find a new branch of large thermodynamically stable black holes. We observe the reentrant large/small/intermediate black hole phase transition for Pr ≤ P < Pz = 0.00008. For Pz < P < Pc2 = 0.0015, we have a first order phase transition which disappears at the critical point Pc2 = 0.0015. Above the critical point P = Pc2, the system displays no phase transitions.
Gibss free energy has two critical points with positive pressures, P = P c1 and P = P c2 for the stable black holes. At P = P c1 > 0, we have the thermodynamically unstable branch with negative C P (Fig. 5a ). Also, we observe a large/small/large reentrant phase transition in the specific range of P r < P < P z and only one swallowtail occurs in the range of P z < P < P c2 (Fig.  5b, c) . At P = P c2 we have the second order phase transition (Fig. 5d ). For 32 ≤ α < 40, although the black hole system admits two critical points at P = P c1 and P = P c2 but it is only the second critical point that minimizes the Gibss free energy.
Multiple-Reentrant phase transitions
For 25 ≤ α < 32, Gibss free energy has four critical points and we observe two reentrant phase transitions. For the range of 25 ≤ α < 28, we have P c1 < 0 with a thermodynamically unstable branch or a negative C P . For P c1 < P ≤ 0, two second order phase transitions occur which globally minimize the Gibbs free energy at T 1 and T 0 . In this range of pressures, the phases LBH/IBH/SBH are connected by two zero-order phase transitions at T 1 and T 0 , respectively. For 0 < P < P r1 , we find a new branch of large thermodynamically stable black holes. In Fig. 6a , at P c2 < P = P r1 < P c3 , the swallowtail in the unstable branch touches the left stable branch. Thus, we observe the reentrant large/small/large black hole phase transition for P r1 < P < P z1 (Fig. 6b) . Since the critical point P c2 where this reentrant phase transition appears does not minimize Gibbs free energy, so this critical point is unphysicial (Fig. 6, c, d) . By increasing pressure, this swallowtail disappears and we have another reentrant phase transition for P r2 < P < P z2 (Fig. 6e, f) . In this situation, three of the critical points are physical. For 28 ≤ α < 32, we have the same critical behavior (two reentrant phase transitions) but the critical point at P = P c1 has a positive pressure. In this condition, a new branch of large thermodynamically stable black holes appears at P = P c1 and the two zero-order phase transitions at T 1 and T 0 do not minimize the Gibbs free energy. Thus, only one phase of the large black hole exists at P = P c1 and both the critical points at P = P c1 and P = P c2 are unphysical. Similar to the previous case (for 25 ≤ α < 28), we observe two reentrant phase transitions for P r1 < P < P z1 and for P r2 < P < P z2 (Fig.  6) . The results are summarized in Table. I.
The critical values of pressure with respect to α for β = 1 and Q = 1 are presented in Fig. 7 . Based on the critical behaviors, we can divide the diagram to different regions. For 0 ≤ α < 13, one critical point exists, the system behaves similar to a "standard liquid/gas", and we observe RPT for 13 ≤ α < 16. We have a minimum critical pressure at α = 16 in which both reentrant and triple point behaviors appear. For 16 ≤ α < 18 we observe RPT and TP with increasing pressure. For 18 ≤ α < 25, we observe four critical points two of which minimize the Gibbs free energy. Hence, the GB-BIAdS black holes experience a reentrant phase transition while we have no triple point phase transitions in this range. In the case of 25 ≤ α < 32, the GB-BI-AdS black holes have multiple-RPT in different pressure ranges. Also, one critical point occure for the range 32 ≤ α < 40. The system has a reentrant phase transition for the specific range of pressure (Fig. 5) . For α ≥ 40, we have two critical points, but neither globally minimizes the Gibbs free energy and they are unphysical critical points. Thus, above α = 40, only one phase of large black holes exist and there is no phase transition (Fig. 7) FIG. 6: Multiple-RPT for d = 6, Q = 1, β = 1 and α = 27 of GB-BI-AdS black holes. Here, the Gibbs free energy is displayed with respect to temperature for various values of pressures P = {0.0007343, 0.00073445, 0.0007347, 0.00073512, 0.0039, 0.0051} (from top to bottom). The Solid (blue)/dashed (red) lines correspond to CP positively and negative, respectively. For Pc1 = −0.00126014 < P < 0, two second order phase transitions that minimize the Gibbs free energy occure, similar to Fig.  4 . In this ranges of pressure, three phases LBH/IBH/SBH are connected by two zero-order phase transitions at T1 and T0, respectively. At 0 < P < Pr1 = 0.0007343, we find a new branch of large thermodynamically stable black holes. At P = Pr1, the swallowtail which apears between (Pc2 = 0.000733679, Pc3 = 0.000735122) in the unstable branch touches the lower stable branch. We observe one of the RPT of black hole for Pr1 = 0.0007343 < P < Pz1 = 0.00073445. Since the critical point Pc2 does not minimize Gibbs free energy, it is an unphysicial critical point. For Pz1 < P < Pc3 we have a first order phase transition while disappear at the critical point P = Pc3. Increasing pressure, we will have another RPT for Pr2 = 0.00365 < P < Pz2 = 0.0041. Above the critical point Pc4 = 0.00591192, the system displays no phase transitions. 
The critical values of pressures with respect to α for β = 1 and Q = 1 of GB-BI-AdS black holes. For 0 ≤ α < 16, there is one critical point and the system behaves similar to a "standard liquid/gas". We have a minimum pressure at α = 16 in which both the reentrant and triple point behaviors appear. of GB-BI-AdS black holes for d = 5 in the grand canonical ensemble. We have one critical point at Pc = 0.021 where the Van der Waals behavior occurs.
B. Critical behavior in the grand Canonical ensemble
The phase transitions and critical exponents of the AdS-GB black holes for d dimensions and in the grand canonical ensemble are considered in [60] . The phase transitions of BI-AdS black holes in d = 4 in the grand canonical ensemble were recently studied in [59] . Here, we investigate the phase transitions of GB-BI-AdS black holes in the grand canonical ensemble while β, φ, and α are thermodynamic variables. Let us define a variable x for d = 5 as,
where, v is the specific volume. By using Eqs. (11) and (17) and the above definition, we can rewrite the equation of state in terms of the electric potentials φ and x for d = 5 in the following form:
The critical points can be determined by using the conditions
The results show that there is only one critical point that depends on the coupling coefficients α, β, and φ for d = 5. The Gibbs free energy in the grand canonical ensemble is given by
By using the above definitions and Eqs. (8), (10), and (20) , the Gibss free energy with respect to temperature is displayed for d = 5 in Fig. 8 . The GB-BI-AdS black holes behave similar to the Van der Waals fluid for d = 5 for all the values of β, α, and φ. Let us expand these calculations to the case with d = 6. In this case, we observe a reentrant phase transition with two critical points for the specific ranges of Fig. 9) . We also observe the Van der Waals behavior in the BI-AdS black holes, (α = 0), in the grand canonical ensemble and for d = 5, 6. The diagram is similar to Fig. 8 . Now, we consider the limit of β → ∞ for the charged-GB-AdS black holes. It is shown that these black holes in the grand canonical ensemble and for d = 5 behave similar to the standard liquid/gas of the Van der Waals fluid [60] . Also, one phase of the large black holes for d ≥ 6 of charged-GB-AdS black holes was investigated in the grand canonical ensemble [34] . of GB-BI-AdS black holes for d = 6. We have two critical points with positive pressures in which the reentrant phase transition occurs and disappears.
III. ADS-BORN-INFELD BLACK HOLES IN THE THIRD ORDER LOVELOCK GRAVITY
The action of the third order Lovelock gravity with a nonlinear Born-Infeld electromagnetic field in the ddimensional space time is given by [53] 
and
F µν is the vector potential. In the above action, β, α 2 , and α 3 are the Born-Infeld parameters, the second and third order Lovelock coefficients, respectively. Let us consider the following case
The metric of the d-dimensional static solution is as follows:
Here, h ij denotes the line element of (d − 2)-dimensional hypersurface. Setting k = 1, we have
and 2 F (r) is the hypergeometric function
The ADM mass of the black holes is The Gibbs free energy with respect to T of the third order of Lovelock-BI-AdS black holes for d = 7, φ = 7/10, β = 1 and α = 1. Here, dashed red and solid blue lines correspond to positive, and negative CP s, respectively. At P < Pc, the black hole experiences a first order phase transition and at P = Pc we have a second order phase transition. We do not have a phase transition at P > Pc.
quantities are given by
Here, The pressure is proportional to the cosmological constant. We identify the pressure of the black hole in the extended phase space with the following form
Since the cosmological constant is considered as the thermodynamic pressure, we replace the ADM mass of the black hole by the enthalpy. So, the first law of thermodynamics and its relevant quantities read as follow
The parameteres V , A, and B are the thermodynamic quantities conjugating to the pressure P , the Gauss Bonnet coefficient α, and the Born Infeld parameter β, re-
In next section, we may assume the critical behaviors and phase transitions of BI-AdS black holes in the third order of Lovelock gravity and in the grand canonical ensemble.
A. Critical behavior in the grand Canonical ensemble
The phase transitions and critical behaviors of charged-AdS balck holes in the third order of Lovelock gravity have been investigated in the canonical ensemble [56, 61] . Also, the third order Lovelock-BI-AdS black holes have been studied in the canonical ensemble and d = 7 in [58] . Now, let us assume the third order Lovelock-BI-AdS black holes in the grand Canonical ensemble in which the electric potentials φ, α, and β are considered as thermodynamic variables. Here, the Gibbs free energy is displayed with respect to temperature for various values of pressure, with pressure increasing from right to left. The solid-blue/dashed-red lines correspond to positive and negative CP , respectively. At P = Pc1, we have the thermodynamically unstable branch. At P < Pr appears a new branch of large thermodynamically stable black holes. Also we observe the reentrant large/small/intermediate black hole phase transition for Pr ≤ P < Pz. For Pz < P < Pc2, we have a first order phase transition with negative values of Gibbs free energy. This first order phase transition disappears and we have a second order phase transition at the critical point P = Pc2. 
V an der W aals(V dW ) GB − BI − AdS 6 0 < α < 13 13 < α < 16, 18 < α < 25 and 32 < α < 40 16 < α < 18 25 < α < 32
Similar to our previous calculations, we define a new parameter x for these black holes for d = 7, as in the following:
Here, v is the specific volume. By using Eq. (37), the equation of state for d = 7 and the grand Canonical ensemble for the third order Lovelock-BI in the AdS space are given by
The Gibbs free energy is given by
One is able to obtain the above Gibbs free energy by using Eqs. (36), (37), (38) , and (45) . We plot the diagram of Gibbs free energy with respect to temperature for these black holes for d = 7 in Fig. 10 . The results show that the system has the Van der Waals behavior for all given values of the parameters α, β, and P for d = 7 (Fig. 10) . For φ > 0.42, we have one critical point with a positive value of the Gibbs free energy. By decreasing φ, we observe that one critical point for φ < 0.42 occurs with the negative values of the Gibbs free energy. We expand our calculations to the third order Lovelock-BI-AdS black holes for d = 8. We observe a reentrant phase transition for β = 1, α = 1, and φ ≤ 0.6. This RPT appears between the critical points P c1 and P c2 in Fig. 11b . At P = P c2 , the second critical point, the Gibbs free energy has negative values (Fig. 11c) . The third order Lovelock-BI-AdS black holes has only one phase of the large black holes for φ > 6/10, β = 1 and α = 1. Although the critical values of thermodynamic quantities of these black holes depend on the BI parameter β and the coupling coefficient α, the critical behaviors and the types of phase transitions depend only on φ and the coupling coefficient α.
In the next subsection, we consider the limit of β → ∞ for the charged AdS black holes in the third order of Lovelock gravity.
B. The charged-AdS third order Lovelock black holes in the grand canonical ensemble
Let us consider the limit of β → ∞ to concentrate on the charged black holes in the third order of Lovelock gravity. In this case, i.e. β → ∞, the Born-Infeld Lagrangian reduces to the Maxwell form and 2 F (r + ) → 1 in Eq. (34) . Thus, Eq. (32) reduces to the following form
Now, we define a parameter x in the form
Using Eqs. (36), (37) , and (51), the Mass and Hawking temperature of the charged-AdS third order Lovelock black holes in the grand Canonical ensemble turn into the following forms
Thus, the equation of state for these black holes from Eq. (53) in the grand canonical ensemble is given by
The critical points should satisfy the following conditions
Considering Eqs. (55) and (56), for φ = 0.5, α = 1 and d = 7 we have only one critical point with positive pressure at P c1 = 0.022204. Also, we have the following two critical points for φ = 0.5, α = 1 and d = 8 with a positive pressures at P c1 = 0.00909895 and P c2 = 0.0476283.
The Gibbs free energy in the grand canonical ensemble is given by
We plot the diagram of the Gibbs free energy with respect to temperature using Eqs. (52) , (53) and (54) , for α = 1 and d = 7. The critical behaviors of these black holes for a given α shows Van der Waals phenomena similar to the case of the third order of Lovelock-BI-AdS black holes in Fig.10 . In other words, we have the swallowtail behavior for P < P c and a second order phase transition occurs at P = P c . For P > P c there is no phase transition. We have the critical points with the positive values of the Gibbs free energy for φ > 0.65 (Fig. 10) . By decreasing φ, we observe the critical points for φ ≤ 0.65 with negative values for the Gibbs free energy. Also we consider these calculations in d = 8, we observe a reentrant phase transition for α = 1 and φ ≤ 0.58. This reentrant phase transition appears between two critical points P c1 and P c2 , with the diagram being similar to the third order of Lovelock-BI-AdS black holes in Fig.  11 . There is no phase transition for φ > 0.58 and α = 1. Consequently, we observe that the critical behaviors of the third order of Lovelock-charged-AdS black holes are similar to those of the third order of Lovelock-BI-AdS black holes and that their critical behaviors are independent of the parameter β (Table. II) .
Here, we consider the other options to calculate the heat capacity for mixed ensemble with a fixed electric We find that there is no phase transition for the above heat capacity. Corresponding to this heat capacity, we can define a Grand potential Ω 1 (r + , φ, P, A) = H − T S − Qφ − Aα.
Moreover, for an ensemble with fixed electric charges, P and A, one can obtain the heat capacity as follows:
C Q,P,A (r + , Q, P, A) = T ( ∂S ∂T ) Q,P,A = 0,
The thermodynamic potential Ω 2 (r + , Q, P, A) = H − T S − Aα corresponds to the above heat capacity. Thus, there is no phase transition in these ensembles.
IV. CONCLUSION
In this paper, we investigated the critical behaviors of the GB-BI-AdS black holes in the canonical (fixed Q) and grand canonical (fixed φ) ensembles for d = 5, 6. We assumed the extended phase space with a cosmological constant and the coupling coefficient α and Born-Infeld parameter β as the thermodynamic pressures of the system. It was shown that the GB-BI-AdS black holes exhibit interesting thermodynamic phenomena that depend on the coupling coefficient α in the canonical ensemble. We also observed "reentrant and triple point phase transitions" (RPT-TP) as well as "multiple reentrant phase transitions" (multiple RPT) for different ranges of pressure depending on the coefficient α in the canonical ensemble. For 0 ≤ α < 13, the system was observed to behave similar to the standard liquid/gas of the Van der Waals fluid. For 13 ≤ α < 16, 18 ≤ α < 25, and 32 ≤ α < 40, the black hole system admitted a reentrant large/small/large black holes phase transition. For 16 ≤ α < 18, a reentrant phase transition was found to occur for a specific range of pressure. Increasing pressure led to a triple point for the special value of pressure. Also, a reentrant phase transition occurred for 25 ≤ α < 32. In other words, a reentrant large/small/large black holes phase transition occurred for a specific range of pressures and another reentrant phase transition happened by increasing pressure. Finally, no phase transition occurred for α > 40. We also studied the diagram of critical pressures with respect to the coupling coefficient α of the GB-BI-AdS black holes. A minimum critical pressure was obtained at α = 16 at which both the reentrant and triple point behaviors appeared. GB-BI-AdS black holes were considered in the grand canonical ensemble to find that they behave similar to the standard liquid/gas of the Van der Waals fluid for d = 5 and to observe a reentrant phase transition for d = 6 and the specific value of φ. Extending our calculations to the BI-AdS black holes for d = 5, 6, we observed the Van der Waals behavior for the given d. The study of the critical behaviors of BI-AdS black holes in the third order of Lovelock gravity in the grand canonical ensemble revealed a Van der Waals behavior for d = 7 and a reentrant phase transition for φ ≥ 0.6 for d = 8 at a specific range of pressure in the grand canonical ensemble. Furthermore, the limit of β → ∞ was considered for these black holes, i.e charged-AdS black holes in the third order of the Lovelock gravity in the grand canonical ensemble. Similar to the previous case, we observed a Van der Waals behavior for d = 7 and a reentrant phase transition in d = 8 for φ ≥ 0.56. Thus, the critical behaviors were shown to be independent of the value of coefficient β. We also extended our calculations to different mixed ensembles and the results showed no phase transitions in these ensembles.
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